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NORMAN LEVINSON* 
Massachusetts Institute of Technology, Cambridge, Massachusetts 02139 
In an interesting approach, A. Ramakrishnan [l] presents “the relativistic 
theory as a natural continuance and completion of Newtonian ideas.” By 
adding the single requirement of an upper bound on the magnitude of the 
velocity, he shows how Newtonian theory can be modified in a natural way 
that leads to relativity which he states is the unique consequence. Actually, 
his simple and natural formulation does not have a unique outcome. However, 
the relativistic result is by far the simplest one that fits his postulates and 
therefore, is the most natural consequence of Ramakrishnan’s approach. 
Here is Ramakrishnan’s formulation modified for convenience by resealing. 
The key assumption is that the magnitude of the velocity has an upper limitl. 
By dividing the velocity by L, the theory becomes dimensionless and the 
limiting magnitude is now 1. Consider one dimensional motion and let two 
point particles be moving with velocities u and V, respectively. Then 1 u / < 1 
and 1 w 1 < 1. Moreover, the relative velocity w is now also required to 
satisfy 1 w 1 < 1. This latter condition cannot be met without modifying the 
Newtonian formula w = u - V, and therefore Ramakrishnan postulates that 
u-v 
W=f(U,> 
where f is such that 
]uI < 1 and /VI< 1 implies Iwl<l, (2) 
w-+1 if u-1 or v-+--l, (3) 
f(0, 0) = 1. (4) 
The requirement (4) states that the Newtonian relation holds as the velocities 
approach zero. In (1) it is assumed that f > 0. Because of (4), it is natural to 
set f (u, v) = 1 - g(u, V) where 
gd 1; g(0, 0) = 0. (4’) 
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From symmetry principles it is reasonable to require 
g(f4 4 = g(w, 21); g(-u, -4 =&, et>. 
From (3), w -+ 1 as u -+ 1 and hence by (I), 
(5) 
l-w 
l = 1 -g(l, w) * 
Thus g( 1, w) = w and by (5) this implies 
g(l, 4 = v; g(u, 1) = u; g(-1,w) = -v; 
g(u, -1) = -u. 
The condition (3’) assures (3). 
(3’) 
Let the interior of the square 1 u 1 < 1, 1 w 1 < 1 be denoted by S. The 
condition (3’) is a boundary requirement on g on the boundary of S. The 
condition (3’) is most easily and economically met by setting g = uw. Since 
(4’) and (5) are obviously met, it remains to verify (2) which is 
I@-WI 
1 _ uw < 1 04 4 ES, (6) 
or -J-(u - w) < 1 - uv. Since 
1 T u f v - uv = (1 F u) (1 &v) > 0, 
the condition (6) is clearly met, and hence Einstein’s formula for relative 
velocity does appear as the simplest way to satisfy (2), (3’), (4’), and (5). 
However as is easily verified, directly, or by use of the Theorem that follows, 
g = uv - *Uv(l - u”) (1 - w”) 
also satisfies (2), (3’), (4’), and (5) so that g = uv is not unique. 
THEOREM. Let h(x) satisfy h(l) = 1 and 
0 <h(x) < 1, 0<‘<1. (8) 
Let 
’ l-J’,“’ < A, O<x<l (9) 
forsomeA.LetF(x,r)bede$nedfor~x~<l,O<r,(2andlet 
F(x, r> > 0 for x 9 0, 
F(x, r) ,< min(2, 1/(4A2)} JOY x < 0. 
(10) 
(11) 
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Then 
g(u, v) = uv - uvF(uv, u2 + v”) (1 - h(G)) (1 - h(v2)) 
sattijies (2), (3’), (4’) and (5). 
(12) 
The class of g in the Theorem can be broadened considerably. Moreover 
there are functions g of a quite different character from (12) which also 
satisfy (2), (3’), (4’), and (5) as shown in the appendix. 
Proof. That g satisfies (3’) and (5) 1s immediate since h( 1) = 1. Moreover 
obviously g(0, 0) = 0. Hence there remains g < 1 and (2). From the sym- 
metry, (5), it is only necessary to consider the quadrant 
Q:0<[v/~u<<. (13) 
Let Q1 denote the upper half of Q in which 0 < v < U. The requirement 
1 - g > 0 in Q1 leads to 
--u&(1 - h(u2)) (1 - h(v2)) < 1 - uv. 
Since 0 < uv < 1, and since 0 < h < 1, this condition is satisfied if F > 0 
in Qr as required by (10). The condition (2) in Qi leads to 
and hence to 
u-v<l-g, 
0 < (1 - U) (1 + v) + uvF(1 - h(u2)) (1 - h(G)). (14) 
Because (1 - U) (I + v) > 0 in S, uv > 0 in Q1 and h < I, it follows that 
(14) is satisfied if F > 0 in Qr and so (10) suffices for Qi . 
InQ,,letv=-ysothatO<y<u<l.Thenl-g>Obecomes 
1 + uy > uyF(1 - h(u2)) (1 - h(v2)). (15) 
If F < 2, as required by (1 l), then 
uyF(1 - h(S)) (1 - h(v2)) < 2uy. 
Thus (15) is satisfied if 1 + uy >, 2uy or if 1 > uy, which is obviously true 
in S. 
Finally in Q2 the condition (2) becomes 
or 
u + y < 1 + uy - uyF(1 - h(u2)) (1 - h(y’)), 
uyF(1 - h(ti2)) (1 - h(y’)) < (1 - u) (1 - y). (16) 
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If F ,< 0 the inequality is true. If F > 0 then by (9), 
uyq 1 - h(U2)) (1 - h(y2)) < uyFA2( 1 - U”) (1 - y”). 
So (16) is satisfied if 
or if 
uyFA2(1 - u”) (1 -y”) < (1 - U) (1 -y), 
This will hold if 4A2F < 1, which is required in (1 I), and the theorem is 
proved. 
Remark. The condition (3) on the boundary of S cannot be met at two 
corners of the boundary. Obviously if u = z1+ 1 (or -l), then since w = 0 
for ZI = ~1, it cannot tend to 1 (or - 1). 
APPENDIX 
An entirely different g is given by 
g(u, v> = uvH(r), 
where Y = (u2 + v2)lj2. Here 
H(r) = 1, r 3 2-112; O<H(Y)<l, r<2-1/2 
and H(r) is of class C, with all derivatives zero at Y = 0. The conditions (3’), 
(4’), and (5) are satisfied. In Q1 , (2) requires that 
0 < 1 - 21 + V - ueriY(r) = (1 - U) (1 + V) + UV(1 - H(Y)), 
which is satisfied because H < 1. In Q2 , (2) requires that 
0 < 1 - u - y + uyH(r). 
For Y > 2-1/s, H(Y) = 1 and factoring the right side shows the inequality is 
true. For 0 < Y < 2-112, u = r cos 0, y = Y sin 0, where 0 < 0 < rr/4. 
Hence, 0 6 u + y < ~2~12 < 1. 
Because H(r) > 0 the requirement is again met. 
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